The spin and orbital phase diagram for perovskite manganites is investigated as a function of temperature and hole concentration. The superexchange and double exchange interactions dominate the ferromagnetic phases in the lightly and moderately doped regions of holes, respectively. The two interactions favor different orbital states. Between the phases, two interactions compete with each other and the phase separation appears in the wide range of temperature and hole concentration. The anisotropy of the orbital space causes discontinuous changes of the orbital state and promotes the phase separation.
I. INTRODUCTION
Doped perovskite manganites A 1Ϫx B x MnO 3 (A: La, Pr, Sm, B: Sr, Ca͒ and their related compounds have attracted much attention, since they show not only the colossal magnetoresistance ͑CMR͒ ͑Refs. 1-4͒ but a lot of dramatic and wide variety of phenomena. Although the ferromagnetic phase commonly appears in the manganites, the origin still remains to be clarified. Almost a half-century ago, the double exchange ͑DE͒ interaction was proposed to explain the correlation between the appearance of ferromagnetism and the metallic conductivity below Curie temperature. 5, 6 In the scenario, the Hund coupling between carriers and localized t 2g spins was stressed. The ferromagnetic metallic state in the moderately doped region is understood based on this interaction, where the compounds show the wide band width. 7, 8 On the contrary, the DE scenario is not applied to the lightly doped region 9 (xϽ0.2) where the CMR effect is observed. In the region, the degeneracy of e g orbitals in a Mn 3ϩ ion termed the orbital degree of freedom is one of the important ingredients. With taking into account the orbital degree together with electron correlation, the additional ferromagnetic interaction, that is, the ferromagnetic superexchange ͑SE͒ interaction, is derived. This is associated with the alternate alignment of the orbital termed antiferro͑AF͒-type orbital ordering. [10] [11] [12] The SE interaction brings about the ferromagnetic spin alignment in the ab plane in LaMnO 3 and the quasi-two-dimensional dispersion relation of the spin wave in it. 13, 14 When holes are introduced into LaMnO 3 , the magnetic and transport properties rapidly change as twodimensional ferromagnetic (A-type AF͒ insulator → isotropic ferromagnetic insulator → ferromagnetic metal. 3, 15 In the intermediate doping region, the first order phase transition between the ferromagnetic metallic state to the ferromagnetic insulating one has been recently discovered in La 1Ϫx Sr x MnO 3 with xϳ0. 12 . 16 In the ferromagnetic insulating phase at low temperature, the orbital ordering is directly observed by the resonant x-ray scattering where the cooperative Jahn-Teller distortion is significantly diminished; the ferromagnetic interaction does not originate from the JahnTeller distortion but the superexchange process under the correlation of electrons. This result suggests that the two ferromagnetic interactions contend with each other and the orbital degree of freedom controls the domination between the two. In order to understand a dramatic change of electronic states in this doping region and its relation to CMR, it is indispensable to study the mutual relation between the two ferromagnetic interactions, i.e., DE and SE.
In this paper, we investigate the spin and orbital phase diagram as a function of temperature ͑T͒ and hole concentration (x). We focus on the competition and cooperation between the two ferromagnetic interactions SE and DE. We show that the SE and DE interactions dominate the ferromagnetic phases in the lightly and moderately doped regions of holes, respectively, and favor the different orbital structures of each other. Between the two phases, the phase separation ͑PS͒ appears in the wide range of x and T. It is shown that PS is promoted by the anisotropy in the orbital space. The spin and orbital phase diagram at Tϭ0 was obtained by the Hartree-Fock theory and interpreted in terms of the SE and DE interactions in Ref. 17 . The PS state between two ferromagnetic phases driven by the DE interaction and the Jahn-Teller distortion at Tϭ0 was discussed in Ref. 18 . In this paper, we obtain the PS state based on the model with strong correlation of electrons at finite T.
In Sec. II, the model Hamiltonian, where the electron correlation and the orbital degeneracy are taken into account, is introduced. In Sec. III, formulation to calculate the phase diagram at finite T and x is presented. Numerical results are shown in Sec. IV and the last section is devoted to summary and discussion.
II. MODEL
Let us consider the model Hamiltonian which describes the electronic structure in perovskite manganites. We set up the cubic lattice consisting of manganeses ions. Two e g orbitals are introduced in each ion and t 2g electrons are treated as a localized spin (S ជ t 2g ) with Sϭ3/2. Between e g electrons, three kinds of the Coulomb interaction, that is, the intraorbital Coulomb interaction (U), the interorbital one (UЈ), and the exchange interaction (I), are taken into account. There also exist the Hund coupling (J H ) between e g and t 2g spins and the electron transfer t i j ␥␥Ј between site i with orbital ␥ double occupancy. S ជ i is the spin operator of the e g electron and T ជ i is the pseudospin operator for the orbital degree of freedom defined as
2 /(UЈϪI) and J 2 ϭt 0 2 /(UЈϩIϩ2J H ) where t 0 is the transfer intensity between d 3z 2 Ϫr 2 orbitals in the z direction, and the relation UϭUЈϩI is assumed. The orbital dependence of t i j ␥␥Ј is estimated from the Slater-Koster formulas. The third and fourth terms in Eq. ͑1͒ describe the Hund coupling between e g and t 2g spins and the antiferromagnetic interaction between t 2g spins, respectively, as expressed as
and
The detailed derivation of the Hamiltonian is presented in Ref. 14 and is not a relevant factor to investigate two kinds of the ferromagnetic interaction. 16 The inter site Coulomb interaction is not included in the model. Although the interaction may modify detail structures of the orbital ordered state and a shape and size of hole rich/poor regions in the phase separated states, the present model provides a proper starting point to describe the competition between the two ferromagnetic interactions of our present interest.
III. FORMULATION
In order to calculate the spin and orbital states at finite temperatures and investigate the phase separation, we generalize the mean field theory proposed by de Gennes. 19 From now on, the spin (S ជ ) and pseudospin (T ជ ) variables are denoted by u ជ in the unified fashion. The spin and orbital pseudospin are treated as classical vectors as follows:
where the motion of the pseudospin is assumed to be confined in the xz plane. i t in Eq. ͑8͒ characterizes the orbital state at site i as
t 2g spins are assumed to be parallel to the e g one. The thermal distributions of spin and pseudospin are described by the distribution function which is a function of the relative angle between u ជ i and the mean field ជ i u ,
where the normalization factor is defined by
By utilizing the distribution functions defined in Eq. ͑10͒, the expectation values of operators A i (S ជ i ) and B i (T ជ i ) are obtained as
respectively. In this scheme, the free energy is represented by summation of the expectation values of the Hamiltonian and the entropy of spin and pseudospin as follows:
N is the number of Mn ions and S u is the entropy calculated by
It is briefly noticed that the above formulation gives the unphysical states at very low temperatures (TϽT neg ϳJ 1(2) /10) where the entropy becomes negative. This is because the spin and pseudospin are treated as the classical moments. Therefore, we restrict our calculation in the region above T neg and Tϭ0 where the full polarizations of spin and pseudospin are assumed. Since the spin ͑pseudospin͒ moment is almost saturated far above T neg in the wide range of x, an extrapolation of the result calculated above T neg smoothly connects to that at Tϭ0.
Next, we concentrate on the calculation of ͗H͘ s,t in Eq.
͑15͒. As mentioned later, two kinds of sublattice termed A and B are introduced for both the spin and orbital orderings. The spin ͑pseudospin͒ operator and the mean field in 6 It is known that this kind of decomposition of the electron operator and the mean field approximation are suitable to describe the ordered state of the present interest. By diagonalizing the energy in the momentum space, H t is given by
where l indicates the band of h lk ជ and N l is the number of the bands. k ជ l corresponds to the energy of the lth band. Thus, the expectation value of H t per site is obtained by
F in Eq. ͑20͒ is the Fermi energy of h ik ជ determined in the equation 
IV. NUMERICAL RESULTS

A. Phase diagram at T‫0؍‬
In this subsection, we show the numerical results at T ϭ0. For examining both spin and orbital orderings, two kinds of sublattice are introduced. We assume ferromagnetic (F)-type and three kinds of antiferromagnetic ͑AF͒-type spin ͑orbital͒ orderings, which are layer ͑A͒ type, rod ͑C͒ type, and NaCl ͑G͒ type. A type of the orbital in the AF-type orbital ordering is represented by (⌰ A (t) /⌰ B (t) ). In Fig. 1͑a͒ , the ground state energy (E GS ) is shown as a function of hole concentration ͑x͒ for several values of J AF /t 0 . Double-or multiple-minima appear in the E GS -x curve depending on the value of J AF /t 0 . Therefore, the homogenous phase is not stable against the phase separation. This feature is remarkable in the region of 0.1ϽxϽ0.4. In Fig. 1͑b͒ , E GS is decomposed into ͗H t ͘ and ͗H J ͘ for J AF /t 0 ϭ0. By drawing a tangent line in the E GS -x curve as shown in Fig. 1͑a͒ , the phase separation is obtained. By using the so-called Maxwell construction, the phase diagram at Tϭ0 is obtained in the plane of J AF and x ͑Fig. 2͒. The parameter values are chosen to be J 1 /t 0 ϭ0.25 and J 2 /t 0 ϭ0.0625. J AF /t 0 for manganites is estimated from the Néel temperature in CaMnO 3 to be 0.001ϳ0.01. Let us consider the case of J AF /t 0 ϭ0.004. With doping of holes, the magnetic structure is changed as A-AF→PS(A-AF/F 1 )→F 1 →PS(F 1 /F 2 )→F 2 , where PS(A/B) implies the phase separation between A and B phases. The canted spin structure does not appear. F 1 and F 2 are the two kinds of ferromagnetic phase discussed below in more detail. Between F 1 and F 2 phases, the PS state appears and dominates the large region of the phase diagram. For example, at xϭ0.2, the F 1 and F 2 phases coexist with the different volume fractions of 60 and 40 %, respectively. We also find the PS state between A-AF and F 1 phases in the region of 0.0ϽxϽ0.03. Now we focus on two kinds of ferromagnetic phase and the PS state between them. The F 1 and F 2 phases originate from the SE interaction between e g orbitals and the DE one, respectively. The interactions have different types of orbital ordering as shown in Fig. 2 . These are the C type 22 with (⌰ A t /⌰ B t )ϭ(/2,3/2) and the A type with (⌰ A t /⌰ B t ) ϭ(/6,Ϫ/6), respectively. It is known that the AF-type orbital ordering obtained in the F 1 phase is favorable to the ferromagnetic SE interaction through the coupling between spin and orbital degrees in H J . On the other hand, the F-type orbital ordering promotes the DE interaction by increasing the gain of the kinetic energy. To show the relation between the orbital ordering and the kinetic energy, we present the density of state ͑DOS͒ of the spinless and orbital-less fermions in the F 1 and F 2 phases in Figs. 3͑a͒ and 3͑b͒ , respectively. It is clearly shown that the band width in the F 2 phase is larger than that in the F 1 phase. In addition, DOS in the F 2 phase has a broad peak around Ϫ2Ͻ/t 0 ϽϪ0.8 which results from the quasi-one-dimensional orbital ordering. Because of the structure in DOS, the kinetic energy further decreases in the F 2 phase more than the F 1 phase. In order to investigate the stability of the PS state appearing between the F 1 and F 2 phases, the ground state energy is decomposed into the contributions from the SE interaction (͗H J ͘) and the DE one (͗H t ͘) ͓see Fig. 1͑b͔͒ . We find that with increasing x, ͗H J ͘ increases and ͗H t ͘ decreases. Several kinks appear in the ͗H J ͘-x and ͗H t ͘-x curves, which imply the discontinuous change of the state with changing x. The PS(F 1 /F 2 ) state shown in Fig. 2 corresponds to the region, where the two ferromagnetic interactions compete with each other and the discontinuous changes appear in the ͗H J(t) ͘-x curve. In Fig. 4 , we present the x dependence of the orbital state where PS state is not taken into account. The discontinuous change of ͗H J(t) ͘-x curve is ascribed to that of the orbital state. In particular, in phases I and II, the symmetry of the orbital is lower than that in the F 1 and F 2 phases and the stripe-type ͑quasi-one-dimensional͒ and sheet-type ͑two-dimensional͒ charge disproportion is realized, respectively. These remarkable features originate from the anisotropy in the orbital pseudospin space. We also note that because of the anisotropy, the orbital state dose not change continuously from F 1 to F 2 . It is summarized that the main origin of the PS state in the ferromagnetic state is ͑1͒ the existence of two kinds of ferromagnetic interaction which favor the different types of orbital state and ͑2͒ the discontinuous change of orbital state due to the anisotropy in the orbital space unlike the spin case.
B. Phase diagram at finite T
In this subsection, we show the numerical results at finite T and discuss how the PS state changes with T. As the order parameter of spin, we assume the ferromagnetic ordering and focus on the F 1 and F 2 phases and the PS state between them. We consider the G-and F-type orbital orderings which are enough to discuss the orbital state in the ferromagnetic state of the present interest.
In Fig. 5 , the phase diagram is presented at finite T where the homogeneous phase is assumed. Parameter values are chosen to be J AF /t 0 ϭ0.004, J 1 /t 0 ϭ0.25, and J 2 /t 0 ϭ0.0625. At xϭ0.0, the orbital ordered temperature (T OO ) is higher than the ferromagnetic Curie temperature (T C ), because the interaction between orbitals (3J 1 /2) in the paramagnetic state is larger than that between spins (J 1 /2) in the orbital disordered state, as seen in the first term in H J . With increasing x, T C monotonically increases. On the other hand, T OO decreases and becomes its minimum around xϳ0. 25 . This is the consequence of the change of orbital ordering from G type to F type. The G-and F-type orbital orderings are favorable to the SE and DE interactions, respectively, so that the orderings occur in the lower and higher x regions. In Fig. 6͑a͒ , we present the free energy as a function of x at several temperatures. For T/t 0 Ͻ0.025, the double minima around xϭ0.1 and 0.4 exist as discussed in the previous subsection at Tϭ0. With increasing T, the double minima are gradually smeared out and a new local minimum appears around xϭ0.3. It implies that another phase becomes stable around xϭ0.3 and two different kinds of the PS state appear at the temperature. With further increasing temperature, several shallow minima appear in the F-x curve. Finally, the fine structure disappears and the homogeneous phase becomes stable in the whole region of x. In Fig. 6͑b͒ , the free energy is decomposed into the contributions from TS, ͗H t ͘, and ͗H J ͘ at T/t 0 ϭ0.04.
By applying the Maxwell construction to the free energy presented in Fig. 6͑a͒ , the PS states are obtained and presented in Fig. 7 . The PS states dominate the large area in the x-T plane. A variety of the PS states appears with several types of spin and orbital states. Each PS state is represented by the combination of spin and orbital states, such as PS͑spin-P, orbital-G/spin-F, orbital-P) for PS-III and PS͑spin-F, orbital-G/spin-F, orbital-F)ϭPS(F 1 /F 2 ) for PS-VII. Here, P indicates the paramagnetic ͑orbital͒ state. It is mentioned that the phase diagram in Fig. 7 has much analogy with that in eutectic alloys. For example, let us focus on the region below T/t 0 ϭ0.05. Here, the F 1 and F 2 phases and PS-VII correspond to the two kinds of homogeneous solid phases, termed A and B, and the PS state between them ͓PS(A/B)͔ in binary alloys, respectively. In the case of the binary alloys, the liquid(L) phase becomes stable due to the entropy at high temperatures. Thus, with increasing temperature, the successive transition occurs as PS(A/B) →PS"L/A(B)…→L. The states L, PS(L/A), and PS(L/B), correspond to the ͑spin-F, orbital-P) phase, PS-V, and PS-VI in Fig. 7 , respectively. By the analogy between two systems, the point at T/t 0 ϭ0.025 and xϭ0.27 corresponds to the eutectic point. In the F-x curve shown in Fig. 6 , above three states reflect on the three minima observed at T/t 0 ϭ0.004. By decomposing the free energy into the three terms ͗H J ͘, ͗H t ͘, and TS, we confirm that the middle part corresponding to the ͑spin-F, orbital-P) phase is stabilized by the entropy.
In Fig. 8 , we present effects of the magnetic field ͑B͒ on the phase diagram. The magnitude of the applied magnetic field is chosen to be g B B/t 0 ϭ0.02 which corresponds to 50 T for t 0 ϭ0.3 eV and gϭ2. We find that the PS state shrinks in the magnetic field. The remarkable change is observed in PS-II and -III where the spin-F and -P phases coexist. The magnetic field stabilizes the ferromagnetic phase so that the PS states are replaced by PS-V and the uniform ferromagnetic state. The region of PS-VII ͓PS(F 1 /F 2 )͔ is also suppressed in the magnetic field. Because the magnitude of the magnetization in the phase F 1 is smaller than that in the F 2 phase, the magnetic field stabilizes the F 1 phase.
V. SUMMARY AND DISCUSSION
In this paper, we study the spin and orbital phase diagram for perovskite manganites at finite T and x. In particular, we pay our attention to two kinds of ferromagnetic phase appearing at different hole concentrations. The SE and DE interactions dominate the ferromagnetic phases in the lightly and moderately doped regions and favor the AF-and F-type orbital orderings, respectively. Between the phases, the two interactions compete with each other and the phases are unstable against the phase separation. The PS states at finite T have an analogy with that in the binary alloys.
It is worth making a comparison between the two kinds of PS, that is, the PS state between the two ferromagnetic phases with different orbital structures and that between the ferromagnetic and antiferromagnetic ones. Let us consider the case with J AF /t 0 ϭ0.004 in Fig. 2 . We find PS(F 1 /F 2 ) in the region with large x in comparison with PS(A-AF/F 1 ). This originates from the sequential change of the states with doping of holes as follows, I: ͑spin-A, orbital-G) → II: ͑spin-F, orbital-G) → III: ͑spin-F, orbital-F) where the PS state is not taken into account. The orbital state changes in the region with large x compared with the spin state, since the AF interaction between spins is much weaker than the AF-type one between orbitals at xϭ0. Thus, PS(A-AF/F 1 ) and PS(F 1 /F 2 ) appear in the regions between I and II, and between II and III, respectively. We also note in Fig. 2 that PS(F 1 /F 2 ) dominates a larger region in the phase diagram than PS(A-AF/F 1 ). This mainly results from the anisotropy in the orbital pseudospin space. As shown in Fig. 4 , the angle in the orbital space ⌰ A(B) t changes discontinuously with x in the region of 0.06ϽxϽ0.41 due to the anisotropy. This is highly in contrast to the spin case where the incommensurate and/or flux states appear in the intermediate doping region and some of them become more stable than the PS states. 23 It is mentioned furthermore that the PS state between the spin-F and spin-AF phases 24 discussed in the conventional double exchange model 25 is suppressed, when the orbital degree of freedom is taken into account. This is because the A-AF phase is realized at xϭ0 instead of the G-AF one and the ratio of the band width between the A-AF and F phases is W AF /W F ϭ2/3. This ratio is much larger than that between the G-AF and F phases which is of the order of O(t 0 /J H ). Therefore, the PS region, where the compressibility ͓ ϭ(‫ץ/ץ‬x) Ϫ1 ͔ is negative, shrinks. The (d 3x 2 Ϫr 2 / d 3y 2 Ϫr 2) -type orbital ordering expected in undoped and lightly doped compounds further suppresses the PS state between spin-AF and spin-F, because the transfer intensity along the c axis is reduced and W AF /W F in this ordering is increased much more.
For observation of the PS(F 1 /F 2 ) state proposed in this paper, the most direct probe is the resonant x-ray scattering which has recently been developed as a technique to observe the orbital ordering. 26, 27 Here, the detailed measurement at several orbital reflection points are required to confirm the PS state where different orbital orderings coexist. The inhomogeneous lattice distortion may be observed in PS(F 1 /F 2 ), although this is indirect. Several experimental results have reported an inhomogeneity in the lattice degree of freedom. Two kinds of Mn-O bond with different lengths are observed in La 1Ϫx Sr x MnO 3 by the pair distribution function analyses. 28 These values are almost independent of x, although the averaged orthohombicity decreases with x. In the compounds with ferromagnetic transition, full magnetic moment is observed at low temperatures. This fact excludes the coexistence of AF state and supports PS with different orbital orderings. The more direct evidence of PS was reported by the synchrotron x-ray diffraction in La 0.88 Sr 0.12 MnO 3 .
29
Below 350 K, some of the Bragg peaks split and the minor phase with 20% volume fraction appears. This phase shows a larger orthohombic distortion than the major one. Thus, the experimental data are consistent with the existence of the PS state with different orbital structures. It is desired to carry out further investigations to clarify relations between the PS state proposed in this paper and the experimentally observed inhomogeneity in the lattice degree of freedom.
